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Abstract 

We give a general approach to infinite dimensional non-Gaussian 
analysis which generalizes the work | KSWY95 |. For given measure we 
construct a family of biorthogonal systems. We study their proper- 
ties and their Gel'fand triples that they generate. As an example we 
consider the measures of Poisson type. 
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1 Introduction 



Non-Gaussian analysis was already introduced in 



for smooth proba- 



bility measure on infinite dimensional linear spaces, using biortliogonal de- 
composition as a natural extension of the chaos decomposition that is well 
known in Gaussian analysis. This biorthogonal "Appell" system has been 
constructed for smooth measures by Yu. L. Daletskii ||Dal91 |. For a detailed 
description of its use in infinite dimensional analysis and for the proof of the 
results which were announced in |[AKS93|| we refer to |[ADKS96[] which was 
based on quasi-invariance of the measures and smoothness of the logarithmic 
derivatives. 

Kondratiev et al. [ KSW Y9"5 | considered the case of non-degenerate mea- 
sures on the dual of a nuclear space with analytic characteristic functionals 
and no further conditions such as quasi-invariance of the measure or smooth- 
ness of the logarithmic derivative was required. In this case the important 
example of Poisson noise is now accessible. Again for a given measure /x with 
analytic Laplace transform |[KSWY9"5 | construct an Appell biorthogonal sys- 
tem as a pair (P^jQ'^) of Appell polynomials and a canonical system 
of generalized functions Q^, properly associated to the measure [i. Hence 
within this framework they obtained: 



explicit description of the test function space introduced in |[ADKS96| ; 
the test functions space is identical for all measures that they consider; 
characterization theorems for generalized as well as test functions was 



obtained analogously as in Gaussian analysis, see ||KLP+96| for more 
references; 

extension of the Wick product and the corresponding Wick calculus 
KLS96| as well as full description of positive distributions (as mea- 



sures) . 



Aim of the present work. As in [|KSWY95|] we consider the case of 
non-degenerate measures on the dual of a nuclear space with analytic Laplace 
transform but instead of the //-exponential e^(-, ■) we use the generalized 
/^-exponential e^(-,-) where a is a holomorphic function a on Ac which 
is invertible in a neighborhood of zero, i.e., a G Holo(A/c, Ac). Hence using 
e"(-, ■) we construct an generalized Appell orthogonal system A'^'" as a pair 
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^pix,a^Qfi,a^ of generalized Appell polynomials P^'"' and a system of genera- 
lized functions Q'^'". 

Central results. In the above framework 

• we obtain an explicit description of the test function space introduced 
ADKS96I ; 



m 



the spaces of test functions turns out to be the same for all a G 
Holo(A/'c, A/c) and for all measures that we consider; 

characterization theorems for generalized as well as test functions are 
obtained analogously as in the Gaussian case; 

the spaces of distributions for a fixed measure /i are again identical for 
all function a in the above conditions; 

the well known Wick product and the corresponding Wick calculus 
KLS96|| extends rather directly; 



in the important case of Poisson white noise a special choice of a pro- 
duces the orthogonal system of Charlier polynomials, see Example |5.2|. 



2 General theory 

2.1 Some facts on nuclear triples 

We start with a real separable Hilbert space Ti. with inner product (-,■) 
and norm |-|. For a given separable nuclear space Af densely topologically 
embedded in Ti. we can construct the nuclear triple 

AfcHcAf'. 

The dual pairing (-, ■) of J\f' and J\f then is realized as an extension of the 
inner product in H 

Instead of reproducing the abstract definition of nuclear spaces (see e.g., 



Sch71|| ) we give a complete (and convenient) characterization in terms of 



projective limits of decreasing chains of Hilbert spaces Tip, p eN. 
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Theorem 2.1 The nuclear Frechet space Af can be represented as 



peN 

where {Hp, p & N} is a family of Hilhert spaces such that for all pi,p2 G N 
there exists p e N such that the emheddings Hp ^ Hp^, Hp ^ Hp^ are 
of Hilhert- Schmidt class. The topology of N is given by the projective limit 
topology, i.e., the coarsest topology on J\f such that the canonical emheddings 
M ^ Hp are continuous for all p G N. 

The Hilbert norms on Hp are denoted by Without loss of generahty 
we always suppose that Vp G N, E Af : \^\ < and that the system of 
norms is ordered, i.e., < \-\^ if p < q. By general duality theory the dual 
space Af' can be written as 



Af'=[jH. 



with inductive limit topology Tind by using the dual family of spaces {H-p : = 
Hp, p G N}. The inductive limit topology (w.r.t. this family) is the finest 
topology on Af' such that the emheddings H.^p ^ Af' are continuous for all 
p G N. It is convenient to denote the norm on H.-p by \-\_p- Let us mention 
that in our setting the topology Tind coincides with the Mackey topology 
T{Af',Af) and the strong topology (3{Af',Af), see e.g., ||HKPS93| , Appendix 
5]. 

Further we want to introduce the notion of tensor power of a nuclear 
space. The simplest way to do this is to start from usual tensor powers 
Tip n G N of Hilbert spaces. Since there is no danger of confusion we will 
preserve the notation and for the norms on Ti®"' and Hf^p respe- 
ctively. Using the definition 

A/"®" := pr lim H®'', 
peN 



one can prove ||Sch71| | that Af®^ is a nuclear space which is called the n-th 



tensor power of Af . 

The dual space of A/"®" can be written 

AT'®" = ind lim n 
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We also want to introduce the (Boson or symmetric) Fock space r(7i) of 
Hhy 

oo 
n=0 

with the convention 7i^° := C and the Hilbert norm 



oo 



n=0 



2.2 Holomorphy on locally convex spaces 

We shall collect some facts from the theory of holomorphic functions in 
locally convex topological vector spaces S (over the complex field C), see 
e.g., |pin81|| . Let £(£^") be the space of n-linear mappings from S"' into 



C and Cs{S'^) the subspace of symmetric n-linear forms. Also let P^{S) 
denote the n-homogeneous polynomials on S. There is a linear bijection 
Cs{S"') 3 A < — > A G P"'{S). Now letU G S be open and consider a function 
G : U ^ C G is said to be G-holomorphic if for all Oq E U and for all 
6 E S the mapping from C to C: A i-^ ^(^^0 + '^^) is holomorphic in some 
neighborhood of zero in C. If G is G-holomorphic then there exists for every 
1] eU a sequence of homogeneous polynomials —^dP-Gijj) such that 



oo 

G{9 + r,) = Y,-,d^m 



n=0 



for all Q from some open neighborhood V of zero. G is said to be holo- 
morphic, if for all 7] inU there exists an open neighborhood V of zero such 
that 



n 

n=0 



converges uniformly on V to a continuous function. Of course, d'^G{rj){9) 
is the n-th partial derivative of G at r/ in direction 6. We say that G is 
holomorphic at 6*0 if there is an open set U containing 6*0 such that G is 



holomorphic on lA. The following Proposition can be found e.g., in DinSl 



Proposition 2.2 G is holomorphic if and only if it is G-holomorphic and 
locally hounded. 



5 



Let us explicitly consider a function holomorphic at the point & S — Ac, 

then 

1) there exist p and e > such that for all ^ A/c with |,^o|p ^ ^ 
and for all ^ G Ac the function of one complex variable A i— > G(^o + ^0 is 
holomorphic at G C, and 

2) there exists c> such that for all { G Ac with 1^1^ < e : \G{^)\ < c. 
As we do not want to discern between different restrictions of one function, 
we consider germs of holomorphic functions, i.e., we identify F and G if 
there exists an open neighborhood W : G W C Ac such that F{^) = 
G{^) for all ^ E U. Thus we define Holo(A/c) as the algebra of germs of 
functions holomorphic at zero equipped with the inductive topology given 
by the following family of norms 



For later use we need the space Holo(A'c, A^c) of holomorphic functions 
from A/c to A^c- Let U C A/c be open and consider a function a :U ^ Ac- 
a is said to be holomorphic at G Ac iff 

1. it is G-holomorphic; i.e., there exist p and e > such that for all 
^0 ^ A/c with Ip ^ f 3^nd for all ^ G Ac the function of one complex 
variable A i-^ Q!(^o + ^0 is holomorphic at G C; 

2. a is locally bounded, i.e., for all p G N there exist Gp > such that 
\/r] E A with < Gp then Wp' G N there exist Gp' such that \/rj E A 
\(^{v)\p' ^ Gp', where A is an bounded set in Ac- 

If a is holomorphic at G Ac, then for every rj eU there exists a sequence 
of homogeneous polynomials ■^d'^a{'r]) such that 



converges and define a continuous function on some neighborhood of zero. 

Let use now introduce spaces of entire functions which will be useful later. 
Let £^_i{H-p^c) denote the set of all entire functions on H-p^c of growth 
k G [1, 2] and type 2~', p,l eZ. This is a linear space with norm 



np,/,oo(G) 



sup 1^(^)1, p,leN. 
|eL<2-' 




n=0 



(if) = sup |<^(^)| exp (-2 ^\z\tp) , ^ G £^.,{n.p,c)- 
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The space of entire functions on A/'c of growth k and minimal type is naturally 
introduced by 



see e.g., [[Kon91|| , [ [BK95|| , ||0ue91|| . We will also need the space of entire 
functions on Ac of growth k and finite type: 



ind lim S^i (Hp^c) 



2.3 Measures on linear topological spaces 

To introduce probability measures on the vector space J\f', we consider Ca{Af') 
the cr-algebra generated by cylinder sets on A/"', which coincides with the Borel 
(j-algebras Ba{Af') and Bp^Af') generated by the weak and strong topology 
on A/"', respectively. Thus we will consider this a-algebra as the natural 
o"-algebra on A/"'. Detailed definitions of the above notions and proofs of the 
mentioned relations can be found in e.g., ||BK95| . 

We will restrict our investigations to a special class of measures /i on 
Co- (A/"') which satisfy two additional assumptions. The first one concerns 
some analyticity of the Laplace transformation 

I,, (6) := L,l {9) = [ exp (x, 6) dfiix) =: (exp (-, 9)), 9 E Afc ■ 

Here we also have introduced the convenient notion of expectation of a 
/i-integrable function. 

Assumption 1 The measure /i has an analytic Laplace transform in a neigh- 
borhood of zero. That means there exists an open neighborhood lA C Ac 
of zero, such that I, is holomorphic on i.e., I, G Holo(A/c). This class of 
analytic measures is denoted by M.a{-^')- 

An equivalent description of analytic measures is given by the following 



lemma and the proof can be founded in ||KSW95|| . 
Lemma 2.3 The following statements are equivalent 

1) iieMa{M')-, 



2) G N, 3C > : 



{x,9ydfi{x] 



e n 
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3) 3p' e N, > : / exp(£^ \x\ , )dn{x) < oo. 

For n e M.a{M') the estimate in statement 2 of the above lemma allows 
to define the moment kernels e j\f'^n_ This is done by extending the 
above estimate by a simple polarization argument and applying the kernel 
theorem. The kernels are determined by 



oo ^ 

„ ft' 



(2.1) 



n=0 



or equivalently 



Qn 



dti . . . dt, 



-In {tlOi + . . . + tnOn) 



=tn=0 



Moreover, if p > is such that the embedding ip^p^ : Tip ^ Tip^ is Hilbert- 
Schmidt then 



\M^\_p < {nC \\tp,p,\\HsT ^ ^' (eC- |Hp,pJ|^J". 



(2.2) 



Definition 2.4 A function </? : jV' — > C of the form 

N 
n=0 

is called a continuous polynomial {short (p e V{N')) iff </?^"^ G N^'^ , 
yn e No :=NU{0}. 

Now we are ready to formulate the second assumption on fi: 

Assumption 2 For all cp e V{Af') with (f = /x-almost everywhere we 
have Lp = 0. In the following a measure with this property will be called 
non-degenerate. 

Note: Assumption 2 is equivalent to: 

Let ip e V{J\f') with (pdfi = for all A e C(7\A') then ip = 0. 
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A sufficient condition can be obtained by regarding admissible shifts of the 
measure fj,. If + is absolutely continuous with respect to /i for all ^ G TV, 
i.e., there exists the Radon-Nikodym derivative 

dfi{x + ^) 



Pi^ 



G (Ar',/i), X G AT', 



then we say that fi is Ar-quasi-invariant see e.g., [pV68|| , ||Sko74|| . This is 
sufficient to ensure Assumption 2, see e.g., [[KT9T|, |BK95|. 



3 The Appell system 

The space V{Af') may be equipped with various different topologies, but there 
exists a natural one such that V{Af') becomes isomorphic to the topological 
direct sum of tensor powers A/"^" see e.g., ||Sch71| , Chap. II 6.1, Chap. II 7.4] 



n=0 

via 

oo 

(x) = ^ (x®", </p(")> < {<^(") I n G No} . 

n=0 

Note that only a finite number of (/?*^"^ is a non-zero. The notion of conver- 
gence of sequences in this topology on V{Af') is the following: for ip G V{Af'), 
such that 

N{<p) 
n=0 

let Pn '■ V{M') — > A/"®" denote the mapping p„ defined by Pni^) '■= V^*-"^- A 
sequence {(pj, j G N} of smooth polynomials converge to ip E V{N') iff the 
N{ipj) are bounded and Pnfj — ^ Pnf in A/^""" for all n G N. 

j-+oo 

Now we can introduce the dual space 'P'^{N'') of V{N') with respect to 
L^{fj.)- As a result we have constructed the triple 

The (bilinear) dual pairing ((-, ■))^ between V'^{N') and V{N') is connected 
to the (sesquilinear) inner product on by 
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3.1 P^-system 



Because of the holomorphy of and since that l^{0) = 1, there exists a 
neighborhood of zero 



Po, go € N, po > 2 < ip'^,£i_i from Lemma pl3| ) such that /^(^^) 7^ 
for 9 eUq and the normahzed //-exponential 



exp (z, ( 



for 6* G Wo, z eAfr 



C 5 



(3.1) 



is well defined. We use the holomorphy of 6' 1— > e^{9\z) to expand it in a 
power series in 9 similar to the case corresponding to the construction of one 
dimensional Appell polynomials [|Bou76|] . We have in analogy to [|AKS93|| , 
ADKS96II 



n=0 



where (i"e^ (0, z) is an n-homogeneous form polynomial. But since {9\ z) is 
not only G-holomorphic but holomorphic we know that 9 {9; z) is also 



locally bounded. Thus Cauchy's inequality for Taylor series |pin81|| may be 
applied, p < 2~''°, p > Po 



-rf"e^(0,z) (9) 
nl 



< - snvM9-,zm; 



(3.2) 



if 2; G ?i-p,c- This inequality extends by polarization [pin8 1|] to an estimate 
sufficient for the kernel theorem. Thus we have a representation 

d-7;Ao:z) i9) = {pi:{z),9^-), 

where Pn{z) G JV^"'. The kernel theorem really gives a little more: Pn{z) G 
'H'^p, £ for any p' {> p > po) such that the embedding operator 



n 
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is Hilbert-Schmidt. Thus we have 

oo ^ 

e,{9- z) = Y,- (Pni^)^ ^''"> for eeUo, ze N^. (3.3) 



n=0 



We will also use the notation 

which is called Appell polynomial. Thus for any measure satisfying As- 
sumption 1 we have defined the P '^-system 

The following proposition collects some properties of the polynomials 
(2), (for the proof we refer to ||KSW Y95|| ). 

Proposition 3.1 For x,y & M' , n G N the following holds 



k=0 ^ ^ 



(0). (3.4) 



(P2) = x: (l) pi:{xmi:_,. (3.5) 



k=0 



(P3) Pii{x + y)= kUU^l^'^^'^^^P'^y^^^^ 

k+l+m=n 

= E(l)^n^)®2/^^"-'^- (3.6) 

(P4) Further we observe 

E^{{PI^{-), (^(™))) = for m ^ , (^('"^ G Afj"". (3.7) 

(P5) For all p > po such that the embedding Tip 7Yp(, is Hilbert-Schmidt 
and for all e > small enough {e < (2'?°e H^p.poUji^^)""'^) there exists a constant 



Cp^e > with 



P!:iz)L, < Cp,,n!£-"e(£|^|_p) , z G n^p,c- (3.8) 
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The following lemma describes the set of polynomials V{N''). 

Lemma 3.2 For any (p G 'P{N'') there exists a unique representation 



N 



y.(a;) = ^(P„^(x),^(")> , ^^^^ e (3.9) 



n=0 



an 



d vice versa, any functional of the form ( p.9{ ) is a smooth polynomial. 



3.2 Q'^-system 



To give an internal description of the type ( |3.9|) for V'^{M') we have to cons- 
truct an appropriate system of generalized functions, the Q'^-system. We 
propose to construct the Q^-system using differential operators. 

For e Ac®"' define a differential operator, Z)($'^"'^), of order n and con- 
stant coefficients G A/"^®", such that, applied to monomials {x'^™',Lp^™'^), 



D (*<">) (.-.^("»> = \ ^i^. {^-'"WW-') for m > „ 

I for m < n 

(3.10) 

and extend by linearity from the monomials to 'P{N''). 

Lemma 3.3 Z}($*^"^) is a continuous linear operator from V{N'') to V{J\f'). 

Remark For ^^^^ G A/"' we have the usual Gateaux derivative as e.g., in 
white noise analysis ||HKPS9^ 



= Z^^wy. := ^ (■ + 1^^^ 

for G V{J\f'). Moreover we have L)(($(i))®") = (£>$(!))", thus L)((<l)(i))®") 
is a differential operator of order n. 



In view of Lemma 3.3 it is possible to define the adjoint operator 



D($("))* : P;(A'') > P;(A''), G A"^®". 
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Further we introduce the constant function 1 e L'^i/j) C such that 

l{x) = 1 for all X e jV', so 

JM' 

Now we are ready to define the Q'^-system. 

Definition 3.4 For any ^^"■'> e AA^®" we define a generalized function Q!^{^^"'^) e 
Km by 

We want to introduce an additional formal notation which stresses the 
linearity of ^ e T'^A^') : 

Example 3.5 The simplest non trivial case can be studied using finite di- 
mensional real analysis. We consider the nuclear "triple" 

RCRCR 

where the dual pairing between a "test function" and a "distribution" degene- 
rates to multiplication. On M we consider a measure d/i (x) — p (x) dx where 
p is a positive C°° -function on M such that assumptions 1 and 2 are fulfilled. 
In this setting the adjoint of the differentiation operator is given by 

where (5 is the logarithmic derivative of the measure p and given by 

P 

This enables us to calculate the -system. One has 
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where the last equality can be seen by simple induction (for p non smooth this 
construction produce generalized functions Q'^ even in this one dimensional 
case). 

U pi.^) = :^^^P(~I^^) ^'^ Gaussian density, then is related to 
the n-th Hermite polynomial: 

Q^^ (x) = 2-"/^i7„ . 
Definition 3.6 We define the Q^-system in V'^{N'') by 

and the pair (P'^, Q'^) will be called the Appell system generated by the 
measure fi. 

We have the following central property of the Appell system A^. 
Theorem 3.7 (Biorthogonality w.r.t. p) 

(Q^:($(")), = n\ (3.11) 

for <I>W G TVc^" and G 7V|™. 

Now we are going to characterize the space V'^{Af'). 

Theorem 3.8 For all $ G V'^{N'') there exists a unique sequence | n G 
No}, G A^c®" such that 

oo oo 

<l> = 5^g(:($('^)) =^(Q^^,<I>W> (3.12) 

n=0 ra=0 



and vice versa, every series of the form iij j generates a generalized func- 
tion m V'^iW). 



The proofs of this result can be found in [[KSWY95 . 
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4 The triple {Aff C L\fi) C (A/") 



-1 



4.1 Test functions 

On the space V{N'') we can define a system of norms using tlie Appell de- 



composition from Lemma p.2| . Let 

N 



n=0 



be given, then c/?'^"^ G Ti^c each p > (n G Nq). Thus we may define for 
any p, g G N a Hilbert norm on V{Af') by 



(n)|2 



n=0 



The completion of V{Af') w.r.t. |H|p^^ is denoted by (7ip)q_^ 
Definition 4.1 VFe define 



i^^)l■.=w lim (7^,)!,^ 



This space have the following properties (for the proofs see [ KSW Y95 
and references therein). 

Theorem 4.2 (A/")^ is a nuclear space. The topology (A/")^ is uniquely de- 
fined by the topology on M : It does not depend on the choice of the family of 
norms {Hp}- 

Theorem 4.3 There exists p\q' > such that for all p > p' , q > q' the 
topological embedding {'Hp)^^^ C Iv^(yu) holds. 

Corollary 4.4 (A/")^ is continuously and densely embedded in L'^{fi). 

Theorem 4.5 Any test function (p in (A/")^ has a uniquely defined extension 
to A/'c as an element of £^^^{Afl.) . 
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In this construction one unexpected moment was the following: 

Theorem 4.6 For all measures fi G Aiai-^') we have the topological identity 

Since this last theorem states that the space of test functions (A/")^ is iso- 
morphic to S^i^{Af') for all measures fi G A^a(A/''), we will drop the subscript 
/i. The test function space (A/")^ is the same for all measures fi G A^a(A/''). 

4.2 Distributions 

The space (A/")^^ of distributions corresponding to the space of test func- 
tions {Afy can be viewed as a subspace of V'^i^Af'), since Vi^M') C {MY 
topologically, i.e., 

Let us now introduce the Hilbert subspace {'H-p)z\^^ of V'^^^M') for which the 
norm 

oo 

||<T,||2 ■= X^Q^"^" l<l>("^l^ 

II ii-p.-g.A* ■ / ^ I l-p 

n=0 

is finite. Here we used the canonical representation 

oo 

^ = Y.Q^^ G p; (AT') 

n=0 

from Theorem The space ('^^-p)lq,^ is the dual space of ('Hp)g^^ with 
respect to (because of the biorthogonality of P'^- and Q'^-systems). 

By the general duality theory 

= U (^-^)=L 

P,geN 

is the dual space of {MY with respect to L'^{ij). So, we have the topological 
nuclear triple 

{MY (1 L\^,) d {M)-\ 

The action of 

oo 
n=0 
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on a test function 

oo 
n=0 

is given by 



n=0 



Example 4.7 (Generalized Radon-Nikodym derivative) We want to 
define a generalized function Pf^{z,-) e (^)^^, z e A/^ the following 
property 

That means we have to establish the continuity of {z, ■). Let z e 7i-p^c- If 
p' > p is sufficiently large and e > is small enough, there exists q & N and 
C > such that 

< C|MU„/^exp(e|.-C.)*W 

< ^^IMU.erp(.w_.)/.-pGN-.)*W- 



If e is chosen sufficiently small the last integral exists. Thus we have in fact 
p^{z,-) e (AA)"^. It is clear that whenever the Radon-Nikodym derivative 

'^^dpix)'' '^•'^^■^^'5 (^-g-j i & N" in case p is M -quasi-invariant) it coincides with 
p^{z,-) defined above. We will show that in we have the canonical 

expansion 

n=0 

Since both sides are in {M)~^ it is sufficient to compare their action on a 
total set from {Mf . For G A/"®" we have 

{pi:{x-z),v^-'>)dp{x) 



E Q (-1)"-' j^^ {pi: (^) ^^"^> dp (x) 
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' oo _ 



where we have used (\3. (\ ), ^3. and the biorthogonality of P^- and Q^- 
systems. In other words, we have proven that (— ^, ■) is the generating 
function of the Q^-system 



oo ^ 



n=0 



4.3 Integral transformations 
4.3.1 Normalized Laplace transform 

We first introduce the Laplace transform of a function G L'^ip)- The global 
assumption /i G 7Vla(A/'') guarantees the existence ofp'^ G N, > such that 

J exp (^—Gfj. \x\_p^ dp (x) < oo 



by Lemma [27^ . Thus exp((-, 9)) G L'^{fi) if 2 \9\ , < e^, 6* G Hp' Then by 



Cauchy-Schwarz inequality the Laplace transform defined by 
L^ip{9):= / (p (x) exp {x,9) dfi{x) 



is well defined for ip G L'^ifi), 9 G Hp'^^c- Now we are interested to extend 
this integral transform from L'^{p) to the space of distributions (A/")^^. 

Since our construction of test functions and distributions spaces is closely 
related to P^- and Q'^-systems it is useful to introduce the so called S^- 
transform 

(^) ■= = [ ^(^) ^) (x) . 



(^) JJV' 

The //-exponential {9; ■) is not a test function in {AfY, see |[KSWY95| , 
Example 6], so the definition of the S'^-transform of a distribution $ G (A/")"^ 
must be more careful. Every such $ is of finite order, i.e., 3p,q G N such 
that $ G {'H-p)z\^^ and (6*; ■) is in the corresponding dual space (7ip)g^^ if 
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2 m 

9 G 'hip ,c is such that 2'' |6'|p < 1. Then we can define a consistent extension 



of S'^-transform. 



if 9 is chosen in the above way. The biorthogonahty of P'^- and Q'^-system 
imphes 



n=0 



moreover 5*^$ G Holo(A/c), see |[KSWY95| , Theorem 35]. 



4.3.2 Convolution 

We define the convolution of a function Lp G {MY with the measure /i by 
Cf^^p{y):= (p {x + y) dfi (x) , yeJ\f'. 

JAf' 

For any G {.MY, z G AT^, the convolution has the representation 
If G (A/")^ has the canonical P'^-decomposition 

oo 
n=0 

then 

oo 
n=0 

In Gaussian analysis C^- and S^-transform coincide. It is a typical non- 
Gaussian effect that these two transformations differ from each other. 

4.4 Characterization theorems 

Now we will characterize the spaces of test and generalized functions by the 
integral transforms introduced in the previous section. 

We will start to characterize the space (A/")^ in terms of the convolution 
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Theorem 4.8 The convolution is a topological isomorphism from {MY 



Remark. Since we have identified {MY and S^^J^M') by Theorem the 
above assertion can be restated as follows. We have 

C^t '■ ^mm{M'') — ^ ^Lin{M'c), 

topological isomorphism. 
The next Theorem characterizes distributions from {M)~^ in terms of 
S^-transform. 

Theorem 4.9 The Sf^-transform is a topological isomorphism from {M)~^ 
on Holo{Mc)- 

Detailed proofs of the above theorems can be founded in [ [KSW Y!J3| , Theo- 
rems 33, 35]. 



5 Generalized Appell Systems 
5.1 Description of the P'^'"-system 

Remember that the //-exponential is the generating function of the P'^- 
system, i.e., if 9 eUq C Mc and z G A^, then 

e, {9, z) := '-^p^ = 1 {Pi: {z) , 9^^) , (.) G M'^- 

In view to generalize the Appell system we consider a G Holo(A/c,A/c) 
an invertible function such that q;(0) = 0; moreover we have the following 
decomposition 

oo ^ 

«W = 5^^(«("^(0),O. deU^dMc (5.1) 

n=l 

where a^"-* (0) G A/"^®" ® Ac since a is vector valued. Analogously for the 
inverse function a"^ =:(/„, we have 

oo _ 

9c. (^) = E - (^-"^ (0) ' ^^"> , ^ e V« c A-c, (5.2) 

n=l 
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where g^'' (0) G Af^^ ^Afc- Now we introduce a new normalized exponential 
using the function a, i.e., 

Using the same procedure as in Section |^ there exist P^'^{z) G A/"^®" called 
generalized Appell polynomial or ct-polynomial such that 

CO ^ 

^M(^i^) = E;^(^n'"W'^n, eeK^zeNi (5.3) 

?i=0 

which for fixed z G A/'^ converges uniformly on some neighborhood of zero 
on Ac. Hence we have constructed the P^'"-system 



In this case the related moments kernels of the measure are determined by 

{9) := {a {9)) = - {M^ . ^^"> , ^ G A^c, e M'^\ 



n=0 



Let us collect some properties of the polynomials P^'"{z). 
Proposition 5.1 For z,w & A/"', n eN the following holds 

n 

^^"^^ ^n"'"W = E-(^-W'^™)' (5-4) 



m=l 



where are related to the kernels of a and are given in the proof, see (\5.12^ 
below; 

n k y \ ^ 
k=Q m=0 ^ ^ 

where B"^ are related with the kernels of g^ and are given in the proof, see 
( \5.1di ) below; 

(Pa3) pr{z+w)= Yl m!^^^''"^^^®^''"^^^®^^'"- ^^-^^ 

k+l+m=n 
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(p<^^) pr {z+w) = j2 (?) pr (^) m ■ (5.7) 

k=0 ^ ^ 

(Pa5) Further, we observe 

E^((Pr (■), V'L™^)) =0 for m ^ 0, y.^™) G Ar|-. (5.8) 

(Pa6) For allp' > p such that the embedding Tip/ ^ Tip is of Hilbert- Schmidt 
class and for all e > there exist 0"^ > such that 

\Pnz)\_p, < 2r2!a7" exp(£|z|_p), z E H-p^^cn E No, (5.9) 

where is chosen in such a way that \a {9)\ < e and \l^{a{9))\ > 1/2 for 
\0\p = a.- 

Proof. (Pcfl) Analogously with we have 



Using the representation from ( ^.1|) we compute a (9)'^"^ : 

OO ^ OO 

1=1 ' 1=1 
= J2 , (a^^^^ (0) ® • ■ ■ ® (0) , ^® ('1+-+''") ) 

tl,.--,'m — 1 
OO ^ 

where 



n=l 



— — ^a^''^ (0) (g) ■ ■ ■ (g) a^'™^ (0) forn > m 
A'I'= i , hl-'-U ~ . (5.12) 

n \ li+...+lm=n ^ I 



for n < m 
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Now we introduce ( |5.11| ) in ( |5.10| ) to obtain 

m=0 \ n=l I 

n=l \m=0 / 

By definition 

oo ^ 
n=0 

SO we conclude that 

n 

^n"'" (^) = E - (^) ' ) • 

— ^ m! 

r7i=l 

(Pq,2) Since 6 = a{ga (6*)) we have 

oo 
n=0 

Having in mind ( |5.2| ) we first compute ga (O)'^^: 

oo _ oo _ 

1=1 ' 1=1 

oo ^ 

OO ^ 

m=l 

where 

on f E 7/T7^?«'^(0)®---®^?i'"^(0) for^>« 
I for m < n 
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Hence 

n=0 \ m=l 
oo / m \ 

^-^ ml \ n! / 

m=l \n=0 / 

On the other hand 

oo 
n=0 

SO we conclude that 

/i. 

n=l 

The result follows using property (P2) of the polynomials (z) . 
(Pa3) Let us start from the equation of the generating functions 

z + ^) = ^) {9,w)i; (9). 

This implies 

oo ^ 

n=0 

oo ^ 

k,l,m=0 

from this (Pq,3) follows immediately. 
(Pa4) We note that 

{9; z + w)^el {9; z) exp {w, a {9)) , 9eUoCAfc. 

Now, since Isq (9) = 1, we have the following decomposition 

oo 

exp {w, a (9)) = - (P„^"'" (w) , 9^^) , (5.15) 

n=0 
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where for a = id, -P^°'" iw) = w®". The result follows as done in (Pq,3). 
(Pq5) To see this we use, 9 G Ac, 



oo 

E ((^-" (•) ' ^''"» = (^^ ■)) 



n=0 



(exp(-,a(g))) 



1. 



Then the polarization identity and a comparison of coefficients give the result. 
(Pq,6) Using the definition of -P^'" and Cauchy's inequality for Taylor series 
we have 



1 exp(|a(g)gz|_^) 
< n! sup r — ; — 7T7T-; — Wl 



a'' 



< 2n!a7"exp(e|z|„p) l^i;. 

The result follows by polarization and kernel theorem. ■ 

Let us give a concrete example which furnish good arguments to use the 
P'^'^-system. 

Example 5.2 (Poisson noise) Let us consider the classical (real) Schwartz 
triple 

S (R) C (M) C S' (R) . 

The Poisson white noise measure tt is defined as a probability measure 
on Co-(5"(M)) with Laplace transform 



l-K {0) = exp 



(exp^(t) -l)dt 



exp [(exp ^^(■)- 1,1)], 9eSc 



see e.g., lGV68iJ . It is not hard to see that /,r is a holomorphic function on 
S'c(R), so assumption 1 is satisfied. But to check Assumption 2, we need 
additional considerations. 

First of all we remark that for any ^ G ^(R), ^ 7^ the measure tt and 
7r(-+^) are orthogonal (see ^GG V7^ for a detailed analysis). It means that ir 
is not S(R)- quasi-invariant and the note after Assumption 2 is not applicable 
now. 
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Let some (f G V{S'{M.)), (f = ii-a.s. be given. We need to show that 
then (f = 0. To this end we will introduce a system of orthogonal polynomials 
in the space L^(5"(R), vr) which can be constructed in the following way. The 
mapping 

9{-)^a (9) (■) = log (1 + 9 (•)) eSciM), Oe Sc (M) 
is holomorphic on a neighborhood U C S'c(M), G W. Then 

< x) = ^""Pffjf^ = exp [(x, a {9)) - {9, 1)] , 9e U, x G S' (M) 
In (a {9)) 

is a holomorphic function on U for any x G S"(R) . The Taylor decomposition 
and the kernel theorem give 



n=0 



where Cn '■ S"(M) ^S"(M) " are polynomial mappings. For G Sc{ 
n G No, we define Charlier polynomials 

x^Cn (<^^"^; x) := {Cn {x) , (^(")) eC, X eS' (M) . 

Due to ^to89^ , \IK8d[] we have the following orthogonality property: 

C„ (<^(")) C„ (^(™)) rfvr = (<^("), 7/>(")> . 



Now the rest is simple. Any continuous polynomial if has a uniquely defined 
decomposition 



N 



y.(x) = ^(a(a:),</^(")>, xeS'{m) 



n=0 



where (^("^ G 5c(M)®". If ^ = n-a.e., then 



N 



n=0 



Hence ip^"^ = 0, n = 0, . . ., A^, z.e., = 0. 5*0 Assumption 2 is satisfied. 
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Lemma 5.3 For any ip G V{M') there exists a unique representat 



ion 



N 



v{x) = Y, {pr w , v'L"^) , y^L"^ e Afr (5.16) 



n=0 



and vice versa, any functional of the form (\5.1(\) is a smooth polynomial. 



Proof. The representation from Definition and equation ( p.l6| ) can be 



transformed into one another using ( p.4| ) and ( |5.5| ). 



5.2 Description of the Q^ "-system 

5.2.1 Using S^-transform 

By assumption we know that a is invertible with inverse given by Qa and 
a {6) e Va C A/c, V6' G W„. For given <I>L"^ G Af^"" we define a generahzed 
function Q^'"($L"^) via the S^-transform 

S, (Qr (0) := (^)^"> , eeV^. (5.17) 

5.2.2 Using differential operators 

Using the kernels g^a^ (0) of Qa, see ( |5.2|) , we define a differential operator (of 
infinite order) from V{Af') to V{Af') ® Ac as follows 

oo 
n=0 

such that, if ip E V{Af') and ,^ G AT^ we have 

oo ^ 

Gi {^) (x) := (e, G^iv) {x)) = Y,- (e, (0) , (:^)» , a: G AT', 



nl 

n=0 



i.e., G| : ViAT') V{N') and formally Ga := (v)- 
Let we state the following useful lemma. 

Lemma 5.4 For all ^ G AT^, x G A/"' anc? G Ac we have 

(V)) (exp (x, ^)) = (0)) exp (x, 0) . 
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Proof. Using the representation given in ( p.2| ) we have 



?i=0 



m 
m 



For simphcity we put (7^"^ (0) = \1>("). At first we apply the operator to some 
monomial. For given 9 G Ac, m > n 

^^W^ V®") (x,^)" = (^("),V®")(a;®™,^®"'> 

(m - 1) • ■ • (m - n + 1) (^("^gx®^'"-"), e®'") 
(m - 1) • ■ • (m - n + 1) (x, ^)™~" ^®"> , 

where we used ( p.lO|) in the second equality. Now expand the given function, 
exp (x, 9), in the Taylor series and applying the above result we get 

(^("), V®")exp (x,^) 



m=0 



^ - 1) • • • - ^ + 1) (x^in)^^^{m-n) Q<^m^ 

m=n 

00 ^ 

\ / fm, _ -n il ^ 



(m — n)! 

= (^("),^®")exp(x,^) 

Therefore 



00 ^ 

(e,^7.(v))(exp(x,^)) = 5^-(vl/("),V«">exp(x,^) 

n=0 
00 ^ 

= E — (^("),^®")exp(x,^) 



n=0 



= (e,^7aW)(exp(x,^^)). 

■ 

Theorem 5.5 Under the above conditions the <5^'"(^®"') are given by 

(e^")(-) = ((e,^?«(v)ri)(-)- (s.is) 
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Proof. Applying the 5'^-transform to the r.h.s of ( |5.18| ) we have 

= ((l,(e,^7.(v)re,(e,-))), 

9a (V))" exp {x, e) d/i (x) 



exp (a;, 6) d/x (a;) 



1 



AT' 



I, (0) 

{^,9A0T 



I AO) 

= {^,9a{e)r. (5.19) 

On the other hand the S'^-transform of the Lh.s. ( p.l8| ), by ( |5.17| ), is the 
same as (|5.19|) which prove the result. ■ 

Example 5.6 As an illustration of Ga we use again the Poisson measure ir 
(see Example \5^ ) and a {6) (■) = log (1 + 6' (■)), 6 G ^(IR). For this choice 
we have 

On the other hand, from l \5.3^ ) we have 



n=l 



9A(^)i-) = Y.^(9^'^^ (0),^^">(-) 

so we conclude that 



n=l 



We introduce the notation of functional derivative (see ^IKSS^ ), 

With this, we easily see that for Vh = (V, h) we have 

(exp (V,) /)(.) = /(■ + /i) , feV iS' (M)) ,heSiR). 

Hence 

(9. (V,J (6)) if (■)) = (exp - l) /(■) = /(■ + St) - f (■) 
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and if ^ & 5'c(ffi) we have 

(^7.(v.j,e)/(-)= / \f{- + 5t)-fmit)dt. 

Jr 

Therefore if f e V{S'{R)) then 

Ga:f{-)^f{- + St)-f{-). 

This mapping can be considered as a "gradient" operator on the Poisson 
space {S'iR),B{S'{R)),7r). 

Definition 5.7 We define the Q^^'"" -system in V'^{N'') by 

QM,« ^ jgM," ($W) I $(n) e U^^, n G No} , 

and the pair (P'^'", Q^'") will be called the generalized Appell system 

A^'" generated by the measure /x and given mapping a G Holo(A/c, A/c). 

Now we are going to discuss the central property of the generalized Appell 
system A'^'". 

Theorem 5.8 (Biorthogonality of Q'^" and P^ " w.r.t. /i) 

{QT (<fi"0 , (^L™^)), = 5nmn\ ^i")> , (5.20) 

for $1"^ G AT^^" and ^'^''^ G Ar|™. 
Proof. By definition of we have 

s, (Qr (<^>L"^)) w := (Qr K"^) ,e,(^^, ■)», 

if we substitute 6 i-^ then we obtain 



oo _ 

E;;;t(«" K'^0^(^r (■),^^'"»>,. 



m=0 



Substituting of 6' by a{ri) in (|5.17|) give us 

Then a comparison of coefficients and the polarization identity give the de- 
sired result. ■ 

Now we characterize the space V'^{N''). 
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Theorem 5.9 For all $ G V'^{N'') there exists a unique sequence n G 

No}, G AT^^" such that 

<^ = J2 QT i^^:^) = E (^n *L"^> (5.21) 

n=0 n=0 



and vice versa, every series of the form (\5.2i[) generates a generalized func- 
tion in V'^{U'). 

Proof. For $ G V'^{N') we can uniquely define G A/'^®" by 
W^^L"^> ^('^>,(^n"^^i"^»>, > V'L"^ e ATI", 

which is well defined since (P^'", v^cT'') G V{N''). The continuity of y^i"'' i-^ 
{^t\ipt^) follows from the continuity oi ^ {{^,vh, V e P(Ar'). This 
implies that 

OO 

n=0 

is continuous on V{N'). This defines a generalized function in V'^{J\f'), which 
we denote by 



n=0 



In view of Theorem |5^ it is easy to see that 

OO 



n=0 

To see the converse consider a series of the form (|5.21|) and ip G V{Af'). 
Then there exists y^a"''* G A/"®"", n G N and G N such that we have the 
representation 

N 
n=0 

So we have 

« \\ 

in=0 / / "=0 
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because of Theorem |5.8|. The continuity of 



in.=0 



follows because f/^i"^ i— > V^cT^) is continuous for all n e N. ■ 

6 Test functions on a linear space with mea- 
sure 

6.1 Test functions spaces 

We will construct the test function space (A/")^ „ using P'^''^-system and study 
some properties. On the space V{M') we can define a system of norms using 
the representation from ( p.l6D 

N 



n=0 



with G c for each p > (n G N) . Thus we may define for any p, g G N 
a Hilbert norm on V{N'') by 



N 



n=0 



The completion of V{Af') w.r.t. |M|p^^„ is called {'Hp)^^^^^. 
Definition 6.1 We define 



Theorem 6.2 (A/')^^, «s a nuclear space. The topology in (A/')^^ is uniquely 
defined by the topology on J\f. It does not depend on the choice of the family 
of norms {\-\p}- 
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Proof. Nuclearity of (A/")^^ follows essentially from that of M. For fixed 
p, q choose p' such that the embedding 



ip' p . TYp' TYp 



is Hilbert-Schmidt and consider the embedding 

^P' ,g' ,P,q,0' '■ i'^P') q' ,ij,,a ^ ^p)q,iJ.,a " 

Then Ip',g',p,g,a is induced by 

oo oo 
n=0 n=0 

Its Hilbert-Schmidt norm, for a given orthonormal basis of ('7^p')g',^,a ' '^^^ 
be estimate by 



') II • ||2n 

rp',p\\HS 



II/, , ||2 _ V2"(''-''') 

n=0 

which is finite for a suitably chosen q'. 

To prove the independence of the family of norms, let us assume that we 
are given two different systems of Hilbcrt norms \-\,^ and |-|'^,, such that they 
induce the same topology on J\f. For fixed k and / we have to estimate || ■ ||'^, ; ^ ^ 
by IHIp^^Q, for some p, q (and vice versa which is completely analogous). But 
for all f G M we have |/|'^ < C for some constant C and some p, since 
|-|'^ has to be continuous with respect to the projective limit topology on J\f. 
That means that the injection i from Tip into the completion /Cfc of J\f with 
respect to |-|^ is a mapping bounded by C. We denote by i also its linear 
extension from Tip^c into /Cfc,c- It follows that i*^" is bounded by C" from 
Tig^ into /eg. Now we choose q such that 2^ > C. Then 



- E(^')^2"^H" 



\k,l,iJ,,a 

n=0 

oo 



p 



n=0 

which is exactly what we need. 
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Lemma 6.3 There exist p,C, K > such that for all n G Nq 

/ \Priz)\%dixiz)<Ain\)'C-K. (6.1) 

Proof. We can use the estimate ( |5.9D and Lemma to conclude the result. 

■ 

Theorem 6.4 There exists p', q' > such that for all p > p' , q > q' the 
topological embedding (7ip)q_^^a -^^(/^) holds. 

Proof. Elements of the space {MY^^ defined as series convergent in the 
given topology. Now we need the convergence of the series in Choose 
q' such that C > 2'^ (C from estimate ( |6.1| )). Let us take an arbitrary 

oo 
n=0 

For p > p' [p' from the Lemma |6.3|) and q > q' the following estimates hold 

oo 



n=0 
oo 

< J2H%\\\pr\ 



-p 



n=0 

oo 
n=0 

/ oo \ °° ^ 

< 2KV2(^(C2-)M (5^(n!)^2-|^(r)|; 

= 2irV^(l-C2-)-^/^||^||^,^,^,„. 
Taking the closure the inequality extends to the whole space {Ti.p)l^^^a ■ 
Corollary 6.5 (A/')^_„ is continuously and densely embedded in L^{f^)- 
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6.2 Description of test functions 

Proposition 6.6 Any test function ip in (A/")^^^ has a uniquely defined ex- 
tension to as an element of £l^^^{N^). 

Proof. Any element (p in (A/")^ „ is defined as a series of the following type 

oo 

such that 



n=0 



oo 
n=0 



for each p, g G N. So we need to show the convergence of the series 

oo 



n=0 



to an entire function in z. Let e > and 0"^ > as in (Pq6) of Proposition 
prT| . We use ( |5T9| ) and estimate as follows 

oo 

n=0 

oo 

n=0 

oo 



n=0 



1/2 / oo \ 1/2 



\n=0 / \n=0 

< 2||^||,,,,,,„(l-2-%7^)-^/%xp(e 



if 2'^ > 0"^ ^ and p' is such that Tip ^ Hp' is Hilbert-Schmidt. That means 
the series 



n=0 

35 



converges uniformly and absolutely in any neighborhood of zero of any space 
Ti-p^c- Since each term {P^'" {z) , v?L"'') is entire in z the uniform convergence 
implies that 



Z ^ 

n=0 

is entire on each Ti-p^c and hence on A^. This complete the proof. ■ 
The following corollary gives an explicit estimate on the growth of test 
functions and is a consequence of the above Proposition. 

Corollary 6.7 For all p > p' such that the embedding Tip ^ Tip' is of the 
Hilbert- Schmidt class and for all e > there exists (ue from Proposition 
57^ ), such that for p we obtain the following bound 

\v{z)\<C\\ip\\p^g^^^^exp(^e\z\_p,y <^ G (AA)^_„ , zEH-p^c, 

where 2'^ > cr^"^ and 

C = 2(l-2-V72)-^/^ 



Remark 6.8 Proposition \6.(\ states 
as sets, where 

^min(A^') = {^k'l^e4in(A/'c)}- 

Now we are going to show that the converse also holds. 



Theorem 6.9 For all functions a G Holo(A/c, Ac), as in Subsection Kl, 
and for all measure /i G Aia{J^'), we have the topological identity 



Proof. Let (p{z) G i^min(-^') be given such that 

oo 
n=0 
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with 

oo 
n=0 

for each p, g G N. So we have 

On the other hand, we can use ( |5.5| ) to evaluate (p{z) as 

oo 
n=0 

CO I n k y \ ^ \ 

n=0 \ fc=0 m=0 V / ■ / 
oo n fc / \ 1 

= E E E u ^^""-^ ' """^ ' ^'"')>^^<"-)> 

n=0 A:=0 m=0 ^ ^ 
oo n k / \ 1 

= E E E u by (^r w , (i^r, (m:_„ 

n=0 k=Q m=0 ^ ^ 

oo oo n / \ _ 

= E E E ! t J ;^ <^'^'" (^) . {B'c,^' 

m=0 n=0 k=Q ^ ^ 

= E (psr (-) . E E (n ") (*«--^*'"'"\«»-«>) . 

m=0 \ n=0 fc=0 ^ / ■ / 

such that, if 

oo 
■m=0 

then we conclude that 

= EE (I + " (^'r.™, (AC. . 

n=0 fc=0 ^ ^ 

Now for p G N we need estimate Iv^'cT'^lp by |H||pq ^ since the nuclear topology 
given by the norms \-\^^ p is equivalent to the projective topology induced 
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by the norms Jip,i,k (see | KSW Y95 ]). Now we estimate (p^^^ as follows 



oo n 



(m) I 



\k + 


m J 






fn + 


m\ 


± 


TDm 

^k+m\ 


U + 


m I 


ml 



n=0 k=0 
oo n 

n=0 fc=0 

Let us, at first, estimate the norm 

I rym I I ryni I 

I -'-^fc+m I _p,p • I -'-^fc+m |^®(':+™)^-^®m • 

To do this we choose p > such that ||v,pm||h5 finite and define 

Da,e-= sup \ga{0)\p and e: 
% 



p 



So, with this 



15" I < V — l^|g('i)(0)| ...|g('")(0)| 

ii,...,i„=m 



^ \ ^ ■ -In- j-.n ~-m 

- /J- ■ ■/ ' 

li,...,l„=m 



that means 

Now let g e N such that 2^/2 > ^j^^ as in (|2.2|) ) and such 

that 2/{eKp) < 1, then we obtain 

\p 



oo n 



< 



n=0 fc=0 

2-mq/2 °° n " / 2 ^ 



n=0 fc=0 ^ P 
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For q' < q such that 2^e ^2'-''' '^^D^^e < 1 this follows the following estimate 

oo 
m=0 

oo 

< lllv'lllLi^L,«.-E(2'^~"2(^'-)D.„)'"<oo. 

m=0 

This complete the proof. ■ 

Since we now have proved that the space of test functions (A/")^ ,^ is 
isomorphic to S^i^{Af'), for all measures fi G A4a{-^') and for all holomorphic 
invertible function a G Holo(A/c, A/c), such that a (0) = 0, we will now drop 
the subscript /i, a. The test function space (A/")^ is the same for all measures 
and functions a in the above conditions. 

Corollary 6.10 (A/")^ is an algebra under pointwise multiplication. 

Corollary 6.11 {MY admits 'scaling', i.e., for A G C the scaling operator 
crx ■■ (My {Xy defined by ax^{x) := ^p{Xx), G {MY, x e W is 
well-defined. 

Corollary 6.12 For all z G the space {MY is invariant under the shift 
operator Tz : ^ ^ ^ {■ + z) . 



7 Distributions 

In this section we will introduce and study the space (A/')~|j of distributions 
corresponding to the space of test functions {MY (= {MY^,a)- The goal is to 
prove that, for a fixed measure ^ and for all function a, as in the subsection 
the space {M)~^^ = {M)~^, see Theorem [TSl below. 



Since V{M') C {MY the space {M)^\ can be viewed as a subspace of 
V',{M% i.e., 

(A/').,L c {M') . 

Let us now introduce the Hilbert subspace {J^-p)Z.\^^^a of 'P'fi{M') for which 
the norm 

oo 

||,T)||2 ■= \^2~^" 

II \\-p,-q,tJ.,a • / , I a \ 



-V 
n=0 
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is finite. Here we used the canonical representation 

oo 
n=0 

from Theorem The space {H-p)Z^q^^^a is the dual space of {Ti-pj^^^ a with 
respect to L'^{fi) (because of the biorthogonality of P^^'"- and Q'^'^-systems). 
By general duality theory 

is the dual space of (A/")^ with respect to L'^ifi). As noted in Section | 
there exists a natural topology on co-nuclear spaces (which coincide with the 
inductive limit topology). We will consider {N')'^^^ ^ topological vector 
space with this topology. So we have the nuclear triple 

The action of a distribution 

oo 

$ = 5^Qr(*L'^^)e(Ar);i 

n=0 

on a test function 

oo 
n=0 

is given by 

oo 
n=0 

For a more detailed characterization of the singularity of distributions 
in (A/")"];, we will introduce some subspaces in this distribution space. For 
13 e [0, 1] we define 

{oo 
n=0 

oo 

for$ = J]gr \ 

n=0 J 
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and 

It is clear that the singularity increases with increasing j3 : 



if /3i < /?2- We will also consider (A/")^^^ as equipped with the natural topo- 
logy. 

Example 7.1 (Generalized Radon-Nikodym derivative) We want to 
define a generalized function (2;, ■) G (A/')^ ]^, G AT^ wi/i i/ie following 
property 

^ JAf' 

That means we have to establish the continuity of p'^{z,-). Let z G H-p^c- 
If p > p' is sufficiently large and e > small enough, Corollary \6. % applies, 
i.e., 3g G N and C > such that 

< C||.||_/^exp(. I. 



If e is chosen sufficiently small the last integral exists (Lemma \2.3{ -3). Thus 
we have in fact p'^{z,-) G (A/')^^;^. It is clear that whenever the Radon- 
Nikodym derivative '^^J^^f^^^ exists (e.g., ^ E J\f in case p is J\f -quasi-invariant) 
it coincides with ■) defined above. We will show that in {N')~\ we have 
the canonical expansion 

00 ^ 

n=0 



where P^°'" {—z) is defined in ^5.1^ ). It is easy to see that the r.h.s. de- 



fines an element in (A/')^_^. Since both sides are in {J^)^^a ^-^ sufficient to 
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compare their action on a total set from (A/")^. For (p^"'^ G Af^^ we have 

= ((£ ^ (-1)' (^r (■) , n'"" (-^)) , {pr (■) , v'L"^) 
= (p^°(-^),y.w>, 

where we have used the biorthogonality property of the Q^'""- and Pf^'"- sys- 
tems. On the other hand 

((p^(^,-),(i'r(-),^i"%>, 
pr (x-^),¥.L")>rf/i(x) 



h—n V / 



= (Pi-"(-z),v.(")>, 

where we made use of the relation (^.S^ ). This had to he shown. In other 
words, we have proven that (z, ■) is the generating function of the Q^'"- 
system. 



^ '■ — ' n\ 

n=0 



Example 7.2 (Delta function) For z G we define a distribution by the 
following Q'^''^- decomposition: 



oo _ 



n=0 



If p & N is large enough and e > sufficiently small there exists > 
according to ( |5.^^ such that 



oo 
n=0 
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< 4exp (2e I^L^) ^ a;^'^2--\ z e H-^^c, 

n=0 

which is finite for sufficiently large g G N. Thus 6z G {N')'^^^- 
For 

oo 

the action of 6z is given by 

oo 
n=0 

because of the biorthogonality property, see Theorem |5r| pag. This means 
that 6z (in particular for z real) plays the role of a "5-function" (evaluation 
map) in the calculus we discuss. 



Theorem 7.3 For a fixed measure n and for all function a, as in subsection 



5!j, we have 

i.e., the space of distributions is the same for all functions a in the above 
conditions. 

Proof. Let $ G (A/')^]^ be given, then by Theorem there exists gene- 
rahzed kernels G A/"/-®" such that $ has the following representation 



n=0 

Now we use the definition of Q!^'" given in ( [5.17| ) to obtain 

oo 

n=0 

= S^dig^m, OeAfc, (7.1) 

where 

oo 
n=0 
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Hence by characterization Theorem O S^^ G Holo(A/c)- But from ( [7. 1| ) we 
see that 



since this is the composition of two holomorphic functions (see [pin81|| ), again 
by the characterization Theorem ^]9| we conclude that $ G (A/")"^. Hence 
(A^);i ^ (AT);!. 

Conversely, let \E' G (A/")^^ be given, i.e., 

oo 
n=0 

We want to prove that ^ G (A/")^^^. Due to ( |5.17| ) and the definition of (A/")~^ 
it is sufficient to show that 



where \E^i"^ satisfy, for p, g G N 

oo 

On the other hand, for a given 6 G Ac 

oo 



< OO. 



n=0 



and, consequently G G Holo(A/c). But we can write 

Gie) = Giaog^ ie)) = Gig^ (6)), 
where G = G o a , with G o a G Holo(A/c). Therefore 

oo 



n=0 



where the coefficients Ci"^ verify 



n=0 



g(n) 



< OO. 



Therefore with ¥a ' = Gr follows the result, i.e., ^ G (A/");],. 
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8 The Wick product 

Here we give the natural generalization of the Wick multiplication in the 
present setting. 

Definition 8.1 Let * e Then we define the Wick product 

by 

This is well defined because Holo(A/c) is an algebra and thus by char- 
acterization theorem there exists an element in (A/")^^ $ o ^ such that 

Prom this it follows 

Q,,a ^QM,a (^M) ^ QM^«^ , 

e A^c®" and ^i"^ e ATc®". So in terms of Q^'"-decomposition 

oo oo 
n=0 m=0 

the Wick product is given by 

oo 

$o* = J]gr (si")), 

n=0 

where 




fe=o 

This allows for a concrete norm estimate. 

Proposition 8.2 The Wick product is continuous on (J^)^^- In particular 
the following estimate holds for $ e ('H-pJlq^^^^Q, , ^ G {^-P2)-q2,t^,a ^''^d 
p = max(pi,p2), q = qi + q2 + l 

ll^o^ll < ll^ll ll^ll 
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Proof. We can estimate as follows 



1$ o ^1 



-p,—q,fi,a 



-nq I '^(n) I ^ 



n=0 
oo / " 

n=0 \fc=0 / 

oo n 

n=0 fc=0 
oo n 



n=0 fc=0 

oo 



vn=0 
|2 



vn=0 



1*11 ll^lr 



Similar to the Gaussian case the special properties of the space {M) 



-1 



allow the definition of Wick analytic functions under very general assum- 
ptions. This has proven to be of some relevance to solve equations e.g., of 
the type $ oX = \1> for X e (A/')^7^ See [ |KLS96| for the Gaussian case. 



Proposition 8.3 For any n G N and any a as in Subsection \5.1\ we have 
Fro of. Let $(1) G A/"; be given. Thus, if G Ac, follows 



S,. 



Theorem 8.4 Let F : C be analytic in a neighborhood of the point 

= E($), $ G (AT)^!. Then ($) defined by 5^ (F^ ($)) = 
exists in {Af)~^. 
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Proof. By Theorems ^ and |]| we have G Holo(A/'c). Then e 



Holo(A/c) since the composition of two analytic functions is also analytic. 
Again by the above mentioned theorems we find that ($) exists in (A/")"^. 



Remark 8.5 If F (z) have the following representation 

oo 
n=0 

then the Wick series 

oo 
n=0 

(where \E'*"' = \1> o ■ ■ ■ o \E' n-times) converges in (A/")""*^ and 

oo 

FO($) = ^a„(<l>-^or 



n=0 



holds. 



Example 8.6 T/ie above mentioned equation $ o X = \& can be solved if 
($) = (0) ^ 0. That implies (^^$)~^ G Holo(A4:). Thus 

$^(-^) = 5,-^((s,$)-i)G(Ar)^\ 

r/ien X = ^^(^^^o^' is the solution in (A/")^^. For more instructive examples 
we refer the reader to Section 5 of HKLSQdjJ . 
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9 Change of measure 

Suppose we are given two measures fi, ft E M.a{J^') both satisfying Assump- 
tion ??. Let a distribution $ G (A/")^^ be given. Since the test function 
space (A/")^ is invariant under changes of measure in view of Theorem |6.9| , 
the continuous mapping 

can also be represented as a distribution $ G (A/")^^. So we have the imphcit 
relation 

$ G (AT)- 1 ^ $ G (Ar)^\ 

defined by 

((I., y.))^ = (($, y.))^. 

This section provide formulas which make this relation more explicit in terms 
of re-decomposition of the Q'^'^-system. First we need an explicit relation of 
the corresponding P'^'^-system. 

Lemma 9.1 Let n^jlE M.a{-^') be given, then 

pr{^)= E ^!^^r(^)®^r(o)®Mr. (9.1) 

k+m+l=n 

Proof. Expanding each factor in the formula 

el {e-x) = ei {e-x)r-'{e)ii{e), 

we obtain 

00 ^ 

n=0 

00 -| 00 -| 00 -| 

fc=0 ■ m=0 ■ «=0 

n=0 \A;+m+/=n 

A comparison of coefficients gives the above result. 

An immediate consequence is the next reordering lemma. 
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Lemma 9.2 Let (f G (A/")"^ be given. Then ip has the representation in P'^'"- 
system as well as F'^''^ -system: 

oo oo 
n=0 n=0 

where ip^a \ (p^a^ G M^"^ for all n G No and the following formula holds 
Proof. We use the relation ( |9.1| ) to obtain 

oo 

n=0 \fc+m+i=n 



/c!m!/! 



k=0 \ m,l=0 



Then a comparison of coefficients give the result. 
Now we may prove the announced theorem. 

Theorem 9.3 Let ^ be a generalized function with representation 

oo 

<^ = E(^''"'^"'^^ 

n=0 

Then 

oo 
n=0 

defined by 
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is in (A/")^^ and the following relation holds 



mill 

k+m+l=n 



Proof. We can insert formula ( p.2|) in the formula 

oo 

n=0 
oo 

A:=0 

fc=0 \ m,l=0 • • • ^ 

fc,m,i=0 

n=0 \fc+m+/=n / 

and compare coefficients again. ■ 
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